Exam 2 Math 230 - Introduction to Discrete Math April 18, 2017

Name:

e READ THE FOLLOWING DIRECTIONS!

e Do NOT open the exam until instructed to do so.

e You have seventy-five (75) minutes to complete this exam. When . .
L . . . Question | Points | Score
you are told to stop writing, do it or you will lose all points on
the page(s) you write on. 1 12
e You may not communicate with other students during this test. 2 4
e Keep your eyes on your own paper. 3 4
e No written materials of any kind are allowed. No scratch paper 4 4
is allowed except as given by the proctor. 5 8
e No phones, calculators, or any other electronic devices are al- 6 4
lowed for any reason, including checking the time (a simple wrist- . 6
watch is fine).
. . . 8 6
e Any case of cheating will be taken extremely seriously.
9 6
e Show all your work and explain your answers when appropriate. 10 8
e Before turning in your exam, check to make certain you've an- 11 14
swered all the questions. 12 ]
13 8
e There are seven (7) pages of questions. That gives you a little
. . Total: 92
over ten (10) minutes per page. Later questions are generally

longer than earlier ones.
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No justification is necessary on this page.

1. (12 points) Circle “True” or “False” as appropriate.
(Some of these are tricky. If you have spare time at the end, come back and think some more.)

(a) True False 1 is a prime number.

(b) True False There is a prime number divisible by 13.

(c) True False If f: X =Y is injective, then |X| < |Y].

(d) True False If f: X =Y is injective, then |X| > |Y].

(e) True  False If|X|<|Y]and f: X — Y, then f is injective.

(f) True False If | X| >|Y]and f: X =Y, then f is injective.

(g) True False If | X| <|Y]and f: X — Y is surjective, then |X| = |Y].

(h) True  False For every z € R, [|z] +0.5] > .

(i) True False Every integer n > 1 has a prime factor that is at most \/n.

(j) True False 1072 = Q(n?logn)

(k) True  False (10 + n?) (nlogn + (logn)?) (2" + 3") = O(n33" log n)

(1) True False P8)AVEk >4 (P(k) —» P(k+1)) = Vn>9 P(n) is a valid variation of
induction.

2. (4 points) Find the least common multiple of 2* -5 - 13 and 22 - 3 - 52. (You do not need to simplify.)

3. (4 points) Define a; = 32 and a,, =4 - a,,—1 for n > 2. Find aqp. (It will presumably be faster to find a
closed form expression for {a,}52 . No need to simplify.)

4. (4 points) Below is the Hasse diagram of a poset. Find all the elements of the following types.

a
(a) Maximal:

(b) Minimal:

d 7
(¢) Maximum: f
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5. (8 points) Define the relation R on {0,1}* — {0000} (the set of nonzero binary strings of length 4) by
xRy iff the first 1 in x appears further to the left than the first 1 in y.

(E.g., 0100 R 0010, but 1001 R 1000 and 0011 £0111.) Determine whether this relation has the following
properties. For each “No,” provide a counterexample.

(a) Yes No reflexive

(b) Yes No antireflexive
(¢) Yes No symmetric
(d) Yes No antisymmetric
(e) Yes No transitive

6. (4 points) Define the relation R on {0,1}* — {0000} (the set of nonzero binary strings of length 4) by
xRy iff the first 1 in z appears in the same position as the first 1 in y.

(E.g., 0100 R0110 but 1001 Z0001.) It is true that R is an equivalence relation. Find the equivalence
classes of R.
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7. (6 points) Use the Extended Euclidean Algorithm to find the multiplicative inverse of 25 in Zsy.

8. (6 points) Describe the output of the following recursive function. (Ezperimenting is recommended.)

Mystery(z,y)

Input: =, y, two non-negative integers
Output: 777

If y=0
Return( 0 )
End-if

p := Mystery(z,y —1) // The recursive call

Return( p+x )
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9. (a) (6 points) Find the total number of times the inner For-loop is executed in the following algorithm
on an input of size n. Then find its asymptotic time complexity using © notation.

Algorithm: PrefixSums(zi,...,x,)
Input: (x1,...,Z,), a sequence of real numbers
n, its length
Output: (ai,...,a,), where a; is the sum of z1,...,2;

For t1=1 ton

a; =0
For j=1 to 1
a; = ai—i—xj
End-For
End-For
Return( (a1,...,a,) )

(b) (6 points (bonus)) Find a more efficient algorithm (that takes the same input and produces the
same output).
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10. (8 points) Prove that for every integer n, if n is odd, then n? mod 8 = 1. (Hint: Use the Division
Algorithm with dividend n and divisor 4 to get cases.)

11. Let f: A— Bandg: B— C.

(a) (8 points) Prove the statement “if g o f is surjective, then g is surjective.” (A4 direct proof works.)

(b) (6 points) Disprove the statement “if g o f is surjective, then f is surjective.”
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12. (8 points) Use strong induction to prove that every amount of at least 18¢ can be made using 4¢ and
7¢ coins (without change). Very carefully state your inductive hypothesis and why it applies in the
inductive step (which is connected to the number of base cases you will need).
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13. (8 points) Let R be an equivalence relation on a set A. Prove that for any x,y € A, if 2 Ry, then
[] N [y] = @. Clearly indicate in your proof whenever you use a property of equivalence relations.
(This result was used to prove that equivalence classes form a partition; you cannot use that result.)

(Recall that the most usual way to prove that a set is empty is a proof by contradiction: assuming the

set is mot empty, then there is an element in it; you now seek a contradiction based on the properties of
that element.)
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